Studying the level of solar radiation is important for problems related to both environmental pollution and alternative energy development. In this work a space-time model for solar radiation in the Tyrrhenian basin is presented. Three main features of the model must be stressed because of their importance in modelling space-time variability of a phenomenon. The first and most important one is that relations between solar radiation in different sites are an outcome of the model's estimation procedure. With this approach spatial weights are not bound to be symmetrical and proportional to distance between locations or to be constant over time. The second one is the presence of a simultaneous effect among locations as the solar radiation in one of them is a function of what simultaneously happens in all the other ones. The third main feature of the model is represented by constrained estimation on the basis of a priori knowledge about the phenomenon that allows to cope the problem of the increased number of parameters.
Introduction
Two different kinds of interest in the study of solar radiation have been generally considered. The first one is related to environmental problems. 1 The level of solar radiation is strictly connected with the presence of pollutants which, besides worsening the quality of the air we breathe, cause rarefaction of the ozone reducing the ability of the stratosphere to hold the UV-C waves, which are the most dangerous for human health. Hence, monitoring the level of solar radiation is important for checking a possible increase of this level in time due to many different phenomena that have to be kept under control. The second kind of interest is due to the fact that level of solar radiation measured at a certain time on a single site depends on the behaviour of nearby stations being a function of cloud. Streams and humidity rate cause the movement of clouds and then the intensity of solar radiation measured in a given site. For this reason we need suitably flexible models to understand and predict solar radiation which as many other phenomena has a spatial diffusion that is not dependent on the distance among sites.
Very recently a third kind of interest for dynamic solar radiation models has been added and it regards the production of electricity through photovoltaic panels. In a well known paper Chegaar and Chibani 2 stated: Solar energy occupies one of the most important places among the various possible alternative energy sources. An accurate knowledge of solar radiation distribution at a particular geographical location is of vital importance for the development of many solar energy devices and for estimates of their performances.
The study of solar radiation has its natural allocation in the field of space-time data analysis. 1, [3] [4] [5] [6] [7] [8] [9] [10] Referring to the estimation of spatial autoregressive model an important point regards spatial weights.
11-13 Anselin 14,15 and Getis 16 underline the importance of considering spatial weights strongly related to some aspects of phenomena under study, which implies that they have not necessarily to be represented by a contiguity structure. According to this point of view and because of the endogenous nature of spatial weights for solar energy diffusion, we propose to obtain them in the model's estimation procedure so that no superimposition of a fixed structure, as the one in which spatial weights are proportional to distance between locations, is made. In this way spatial weights are not bound to be symmetrical as stated in Deng 17 and Cliff and Ord 18 nor to be constant over time since they may change according to the lag considered. Spatial weights will then take into account the intensity and the direction of influence that a single station, in a given time, has on the whole spatial system and vice versa.
The first relevant feature of the proposed model is then the attempt to catch the spatial effect together with the temporal one, regardless of the hypothesis that a greater proximity between different places implies a higher spatial correlation. If distance between spatial locations has any effect on the diffusion of the phenomenon, such effect will be caught over by the model through the estimated spatial weights.
A second peculiar aspect of the model presented here is the simultaneous dependence of solar radiation in one location from values observed at current time in the remaining ones in order to catch the purely spatial effect; which allows to take into account the values in other locations at contemporary time t to update the dependent variable at the location under exam.
The simultaneous dependence of the current value of solar energy in all locations can be seen as a second relevant features of the model here presented. It must be stressed that when only lagged values at time t-k (k =1, 2, …) are considered a relevant loss of information takes place.
On the other hand it must be recognized that simultaneity of relations makes the estimation problem more difficult because of the increase in the number of parameters to be estimated.
In this work we propose to face it using identifying restrictions on space-time variability of the unknown parameters introducing constraints on the basis of a priori knowledge about the phenomenon. To this extent it must be stressed that the imposition of constraints on spatial weight -that have anyway to be tested -has a lesser impact on the estimation of the model than a completely arbitrary choice of their values according to prior decisions. While in a preceding paper an estimation procedure based on Two Stage Least Squares principle has been proposed, 19 in this work we consider Maximum Likelihood Estimators of the whole set of parameters of the model both for constrained and unconstrained estimation. A preliminary version about some of the results here presented has been given in a previous paper. 20 The model here considered expresses solar radiation at time t, in a given site, as a linear function of past observations in the same site, of past and simultaneous observations in the remaining ones and of the simultaneous observations of the pure exogenous effect of sunshine duration. 21, 22 This article is organized as follows. First, the space-time model including and not including simultaneous spatial effect is presented in order to establish notation. In the Results section, the dynamic model for spatial diffusion of solar radiation in the Tyrrhenian basin is presented, showing how the proposed procedure works in determining the spatio-temporal structure of the data. In the Discussion, a comparison with the model without contemporaneous effect is carried out. Few word of conclusion end the work.
Materials and Methods
Disregarding for the moment the presence of the pure exogenous variable and concentrating only on the spatial structure of the model, let us consider a spatial system in which there are S places i=1,K,S and K temporal lags k=1,K,K. Let us indicate with the superscript the spatial reference and the subscript the time one, hence y j t will be the value of solar radiation measured at time t in place j. The linear model for each one of the S station, is:
In (eq. 1) for simplicity the hypothesis that the autoregressive component and the spacetime component have the same maximum order of lag is done; anyway, the structure of the model would be the same even in the case the lag order of the two components is not the same.
With regard to the whole spatial system the model above can be written in the following way:
where as usual T is the number of observations, Y (0) is the matrix of current values of variables Y in the S stations and Y (1) ,Y (2) ,K are similarly defined as matrices of the lagged variable of order 1, 2,…; U (0) is the matrix of error components in the S stations about which the usual hypothesis are made.
The matrix of spatial coefficients , with 0≤k≤K, is defined as follows:
where the generic coefficient measures the effect that the phenomenon observed in the station i at time t-k has on the station j at time t; while:
is the matrix of the coefficients of the autoregressive variables, where , indicates the effect that the phenomenon recorded in the i-th station at time t-k has on Y observed in the same station but at time t.
Eq. 2 can also be written as:
and defining (eq. 5) eq. 4 becomes:
(eq. 6)
We will refer to eq. 6 as the STSE (K) model. To better understand the performance of model STSE (2), we have estimated an ST (2) model of the form (eq. 7) so that a comparison can be made between the two models. In both cases the effect of the purely exogenous variable sunshine duration has been introduced.
As it is well known when the model includes the simultaneous spatial component ordinary least square leads to inconsistent estimators of unknown parameters because of correlation between contemporaneous observed errors in different locations, . Therefore, under the hypothesis that the process is normally distributed, maximum likelihood estimation have been considered to obtain consistent estimators. In the search of a parsimonious model which allows not only to estimate spatial weights but also to find the structure of spatial influence and the underlining effect of contiguity a maximum likelihood constrained estimation procedure has been developed. To test the significance of constraint on variables' coefficients likelihood ratio (LR) test has been performed. Since for both constrained and unconstrained model the maximization of loglikelihood function requires the use of an iterative algorithm, the test statistics will be approximated. In case large samples are available -as it is in the present study -the approximation can be neglected. The data used in our application are the spatio-temporal series of daily average of solar radiation and daily sunshine duration concerning the fifteen Italian meteorological stations of the Tyrrhenian Basin -Pisa San Giusto (01), Elba (02), Pianosa (03) With more details, the solar radiation series reports the daily average solar radiation levels measured at ground level using a pyrheliometer; the unit of measurement was mega-joules per square meter (MJ/m2). The sunshine duration refers to the duration (in hours and tenths of hours) of sunlight when the sun is situated at a height of at least 3° above the horizon. A heliophonograph was used to measure sunshine duration.
Results
The model STSE(2) has the following form:
where in addition to the presence of the simultaneous and space-time effect we introduce sunshine duration as the unique truly exogenous variable in the model; its coefficients matrix is indicated with C 0 . The order of lag in STSE model has been fixed at 2, since for all the series considered the estimated global autocorrelation function goes to zero very slowly and in a straight way.
To cope with the main problem in the use of the proposed model, i.e. the high number of parameters to be estimated, we introduce con- straint based on available a priori information about meteorological characteristics of the climatic area considered. The fifteen sites considered are under the continuous and predominant influence of the streams coming from the English Channel and the Gulf of Gascony, which cause the movements of clouds in the same directions for two or three days; hence we assumed the spatio-temporal effect of the phenomenon to be constant in the same period. This ends up to suppose that the extradiagonal elements of the matrix A 2 should be the same as those of the matrix A 1 . To verify this hypothesis we used the LR test to compare the fit of two models nested one in the other. 23 The test is based on the ratio between the maximum of constrained and unconstrained likelihood function, in which the equality of extra-diagonal elements of the two matrices is imposed element by element. We then introduced in the estimation procedure the constraints of constancy only for those coefficients for which the equality was not rejected by LR test. LR test shows also that the same kind of constraints do not hold for simultaneous effect coefficients in A 0 .
In Tables 1, 2 and 3 we show the estimated matrices of coefficients obtained maximizing the log-likelihood function under constraints resulting from LR test. In matrix A 2 (Table 3) we reported in italics the parameters which remain constant between lag 1 and lag 2. In this way the number of parameters to be estimated is reduced and the fitting of the data shows up to be quite good. To see this we make use of squared multiple correlation coefficient (R 2 ) whose range is from zero to one: values closer to one indicate a good fitting of the estimated model. 24 In the present case the value of R 2 is equal to 0.85 which is close enough to one to mean a quite good fitting.
In Figures 1 and 2 influences of each station on the others (i.e. the estimated elements of matrices A 0 , A 1 , and A 2 , that from now on we will simply call coefficients) are represented by means of arrows: white arrows for the simultaneous effect, black ones for the effect at lag1 and grey for those at lag2. Arrows' greater thickness indicates stronger space and spacetime effects. In the graphic representation we have decided to show only cases in which the estimated coefficients are grater than 0.6 to better represent the main structure of climatic influences. In Figure 1 white arrows (simultaneous influence of each station on the others) show the presence of roughly defined micro areas such as the one of Tuscany (stations 1, 2, 3, 4, 5), the area from Naples to Sicily (stations 6, 7, 8, 9) . On all the islands and on western Sicily (stations 6, 10, 11, 12) is strongly evident the almost one directional influence of the Sardinian ones (stations 13, 14, 15) . It must be noticed that white arrows show up a higher inter connection of sites than those shown by black and grey ones. It has also to be noticed that at lag1 and 2 (black and grey arrows) there are spatial effect among farther sites. In many cases while contemporaneous effect coefficients are different from zero, they are zero at lag one and lag two; vice versa coefficients which are different from zero at the two lags, are zero among the contemporaneous ones. Stations 2 (Elba) and 3 (Pianosa) show, for instance, a reciprocal contemporaneous effect which is not present at lag one or at lag two. Vice versa station 4 (Vigna di Valle) has an influence on station 8 (Capo Palinuro) only at lags one and two. Simultaneous effect is generally detected between closer sites while for more distant ones prevail the effect at lag one and two. In accordance with the northsouth main direction of clouds' streams. With regard to the pure autoregressive coefficients (diagonal elements of A 1 and A 2 in Tables 2 and  3) it is worthwhile to notice that a generalized decrease of coefficients passing from lag one to lag two is shown.
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Discussion
In order to evaluate the importance of simultaneous effects, we compare the results obtained with STES (2) 
First of all it has to be noticed that in the estimation procedure a non stationarity in mean has been detected that was not present in the preceding model. To eliminate it first order differentiation has been considered. The differentiated series show an autoregressive scheme of second order for all the sites. Spatio-temporal effects for lags greater than two were also taken into account but their inclusion in the models was not significant. It has to be noticed that also in this case the model fit well the data (R 2 =0.77). As far as the comparison between the two models is concerned, the number of coefficient considered in Figures 1 and 2 related to black arrows (first lag) is almost the same but in ST (2) model the values of the coefficients are generally greater than those in STSE(2). Hence, it seems that the omission of the variable related to the pure spatial (i.e. contemporaneous) effect has the increase of coefficients at lag1 as a consequence.
It can be also noticed that the number of relations considered for lag2 (grey arrows) is greater in STSE(2) than in ST (2), as if the presence of A 0 makes the model more effective.
Finally, we want to stress that the improvement in the value of R 2 obtained in STSE(2) with respect to ST(2) (from 0.77 to 0.85) is in our opinion sufficiently strong to confirm that the presence of a simultaneous effect is essential for a better representation of solar radiation diffusion.
Conclusions
In this work we present a dynamic model for solar radiation that is very flexible and appropriate to understand the directional effects of non symmetric variability both over space and time. In this model we consider the presence of a simultaneous effect of spatial locations on each other. The model defines a non symmetric relationship both for contemporaneous and for lagged components.
As far as the presence of pure spatial weights is concerned, it is worthwhile to stress the better performance of the model with contemporaneous non symmetric effect with respect to the one in which simultaneity is not taken into account. The introduction of contemporary effect improves substantially the performance of the model.
To assume non-symmetry of relations between sites at every lag, however, involves a larger number of parameters to be estimated even if it has to be stressed that this difficulty can be irrelevant if the number of available observations is large. However, even in that case constraints on the unknown coefficients can be formulated on the basis of a priori information about the spatial and spatio-temporal diffusion of the process. In order to face this problem we used a priori information about the movements of the clouds on the target area. The estimated spatio-temporal coefficients of the model are in accordance with the main movements of clouds in the Mediterranean Basin. In particular they capture the effects of the main movements of clouds in the NW-SE direction as those from Tuscany Archipelago and Sardinia to the South of Italy. This fact is evident looking at the matrices of spatio-temporal coefficients where, after ordering the meteorological sites from the North to the South, we can see that almost all the under-diagonal elements are zero. Even more clear is the representation of main spatial effects (coefficients >0.6) in Figures 1 and 2 . Furthermore, the proposed model points out that spatial effects may change as a function of the temporal lag considered. As noted before, it has not been possible to hold the constancy constraints for the relations among all the sites. In particular, using simultaneous effects we can see that at lag 2 there are spatial effects among further sites.
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In our opinion, while such a procedure should require the support of a priori information, it would always be appropriate to obtain a more parsimonious fit of the model. In this sense it is possible to think of a procedure that gets the definition of a parsimonious set of parameters through testing. 
